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Abstract
The stability conditions for coordinate gauge independent
perturbations of brane-worlds are analyzed. It is shown that,
these conditions lead to the Einstein-Hilbert dynamics and to
a confined gauge potential, independently of models and met-
ric ansatzes. The size of the extra dimensions are estimated
without assuming a fixed topology. The quantum modes cor-
responding to high frequency gravitational waves are defined
through a canonical structure.
pacs 11.10.Kk, 04.50.+h, 04.60.+n
I. INTRODUCTION
The ”brane-worlds” program proposes a unification of
all interactions at the TeV scale, with the supposition
that there are large (as compared to Planck’s length)
extra dimensions. The hierarchy problem is solved by
the assumption that the four-dimensional space-time ge-
ometry undergoes quantum fluctuations along the extra
dimensions, but the gauge interactions of the standard
model remain confined within the space-time. This is im-
plemented by the introduction of a fundamental Planck
scale in the higher dimensional bulk, while the effective
four-dimensional Planck mass is adjusted in accordance
with the geometry of the higher dimensional space. The
geometrical scenario compatible with these assumptions
is that of four-dimensional space-times, the brane-worlds,
are dynamically embedded in a higher dimensional solu-
tion Einstein’s equations [1,2].
In contrast with Kaluza-Klein and Superstring theories
the brane-world unification in principle may be exper-
imentally verified by high-energy collisions at hundreds
of TeV. Another implication that may soon be checked
is the modification of Newton’s law of gravitation at sub
millimeter scale [3].
There is not yet a theory of brane-worlds in the sense
that the fundamental principles are well established.
Some earlier publications, not always acknowledged, have
proposed some basic concepts and formal tools. For ex-
ample, the confinement of gauge interactions to space-
time behaving as a potential well in a higher dimensional
space has been suggested in the early eighties [4–7]. Ap-
plications of space-time embeddings to the quantization
of the geometry, to generate internal symmetries and as
an alternative to compactification, have been around for
a considerable time [8–18]. Recent reviews and additional
references can be found in [19–21].
Presently there are two conceptually distinct ap-
proaches to brane-worlds. One of them is based on a
higher dimensional space with product topology M4 ×
BN , N ≥ 2, where BN is the a finite volume internal
space, similar to Kaluza-Klein theory [1]. The other, is
defined on a 5-dimensional anti-deSitter geometry, with
brane-like boundary conditions [2]. Current problems in-
clude the stability of the brane-world structure; the lack
of a proper explanation of the confinement of the gauge
fields and a consistent definition of the quantum states
[22,23].
The purpose of this paper is to show that the stability
of the embedding is a central property of brane-worlds
compatible with the aforementioned assumptions, inde-
pendently of models and metric ansatzes. More specifi-
cally, we show in sections II and III that the stability con-
ditions for the classical perturbations of a brane-world,
regardless of the size, number and signature of the extra
dimensions, provide the dynamics of the brane-world evo-
lution. The cases with just one extra dimensions, studied
in section IV, are found to have limited properties, in-
cluding the need for confinement mechanisms which are
independent and may interfere with the stability con-
ditions. The quantum fluctuations of the brane-worlds
described in section V, induce topological changes which
are incompatible with a fixed topology. We show that
such topological changes result from the multiparameter
quantum fluctuations. In section VI it is shown that the
differentiable structure of the brane-world also implies in
the existence a confined gauge field structure. Finally,
the concluding section also discusses on the number and
size of the extra coordinates.
1
II. BRANE-WORLDS PERTURBATIONS
In very general terms, a brane-world may be described
as a locally embedded space-time, capable of quantum
fluctuations along the extra dimensions, but retaining the
gauge interactions confined within. These conditions im-
pose dynamical conditions on the embedding, producing
what could be called a dynamical embedding of space-
times as opposed to the more common analytic embed-
ding.
It is well known, that any space-time V¯n may be locally
embedded into a manifold VD, with sufficiently large di-
mension D. The number of extra dimensions N = D−n
depends on the geometries of V¯n and of VD, and of course
of the type of embedding map, which may be local, non-
local, isometric, and conformal among other possibilities.
The simplest examples are those of space-times iso-
metrically embedded in a flat space MD, where the em-
bedding is given by analytic functions [24,25]. The ana-
lytic assumption greatly simplifies the embedding and it
implies that D is at most 10. In brane-worlds it is not
obvious that the analyticity condition holds under the as-
sumed conditions and in special under the quantum fluc-
tuations. However, it seems reasonable to assume that
the embedding remains differentiable, determined by the
classic Gauss-Codazzi-Ricci equations. In this case, the
limiting dimension for flat embeddings rises to D = 14,
with a wide range of compatible signatures [26]. We will
see that the differentiable hypothesis is consistent with
the Einstein-Hilbert dynamical principle, which lies at
the basis of the mentioned dynamical embedding.
For generality, we consider an n-dimensional subman-
ifold with arbitrary metric signature embedded in a D-
dimensional space, which is a solution of higher dimen-
sional Einstein’s equations1.
The embedding of the background V¯n, with metric g¯ij ,
is given by local the map X¯ : V¯n → VD such that2.
X¯µ,i X¯ ν,jGµν = g¯ij , X¯µ,i ηνAGµν = 0, ηµAηνBGµν = gAB (1)
where we have denoted by Gµν the metric of VD in ar-
bitrary coordinates and gAB denotes the components of
1The use of generic signature may cause the emergence of
ghosts. However, in view of prospective topological changes,
it would be unwise to any specify the signature at this stage.
The expressions can be adjusted to specific signatures by sim-
ple arithmetics.
2 All Greek indices run from 1 toD. Small case Latin indices
i, j, k... run from 1 to n. An overbar denotes an object of
the background space-time. The covariant derivative with
respect to the metric of the higher dimensional manifold is
denoted by a semicolon and ξµ;i = ξ
µ
;γX¯
γ
,i denotes its projection
over Vn. The curvatures of the higher dimensional space are
distinguished by a calligraphic R .
the metric of the complementary space BN in the basis
{ηA}.
One way to generate a brane-world is to deform the
background space-time V¯n, in such a way that it remains
compatible with the gauge confinement and the quantum
fluctuations.
The perturbations of an embedded geometry with re-
spect to a small parameter s along an arbitrary transverse
direction ζ in VD has been defined long ago [27–31], start-
ing with the perturbation of the embedding map
Zµ(xi, s) = X¯µ + s£ζX¯µ) = X¯µ + s [ζ,X ]µ (2)
The presence of a component of ζ tangent to Vn is a
cause for concern because it induces coordinate gauges.
That is, a perturbation could be altered by a mere coordi-
nate transformation. In general relativity, this problem is
aggravated by the diffeomorphism invariance of the the-
ory. There, the traditional solutions consist in imposing
specific conditions on the metric, tetrads or even on the
sources [32,33]. Another solution, consists in choosing
a hypersurface orthogonal perturbation (or equivalently,
using the ADM language, to eliminate the shift func-
tion), with the obvious limitations resulting from the use
of special coordinates [34].
In the case of brane-worlds, the extra dimensions do
not share the same diffeomorphism invariance of Vn.
Consequently, the limitations imposed by the choice of
a hypersurface orthogonal vector does not apply. An ad-
ditional simplification is obtained by taking the norm of
this vector to be ±1. This is equivalent to normalize the
lapse function to one in the ADM case, and using the
extra coordinates sA to play the role of the ”lapses”.
With these precautions, the perturbations of the em-
bedding map along an orthogonal direction η¯A, for some
fixed value of A, gives
Zµ,i(x, sA) = X¯µ,i (x) + sAη¯µA,i(x). (3)
On the other hand, since η¯A(x
i) are independent vectors,
depending only of xi, they remain unperturbed
ηµA(x
i) = η¯µA + s
B[η¯B, η¯A]
µ = η¯µA (4)
The metric of the perturbed manifold may be written
in generic coordinates as
gij = g¯ij + fij(x
i, sA) (5)
Taking sA small as compared to one, the Taylor expan-
sion of fij in terms of s
A, gives the four-dimensional grav-
itational field in the vicinity of the brane-world. For a
specified direction ηA, the linear perturbation assumes
the form
gij = g¯ij + s
AγijA(x
i)
Applying the de Donder gauge condition to the lin-
earized Einstein’s equations, we obtain the homogeneous
2
gravitational wave equations with respect to the extra di-
mension ηA. For a vacuum space-time the resulting wave
equation reads as
✷
ij
kℓΨ
A
ij(x, s) = 0 (6)
where ΨAij = γij − 1/2γg¯ij, γ = g¯mnγmn and where we
have denoted the generalized topological Dalambertian
(de Rahm) wave operator by
✷
ij
kℓ = g¯
ij∇k∇ℓ + 2R¯i jkℓ + 2R¯i(kδ jℓ)
We interpret the solutions of (6) as describing gravita-
tional waves over the curved background V¯n, in response
to the quantum fluctuations of the brane-world. As such,
these gravitational waves belong to the so-called high fre-
quency limit, with a wavelength which is small as com-
pared with the characteristic length of the background
geometry [35–37]. To define this property we may use
the Gaussian reference frame based on the perturbed sub-
manifold and the normal ηA. The embedding equations
for the perturbed geometry are
Zµ,iZν,jGµν = gij , Zµ,iηνAGµν = giA, ηµAηνBGµν = gAB (7)
where now we have the mixed metric components giA =
sMAiMA, with
AiAB = η
µ
B;iη
ν
AGµν = η¯µB;iη¯νAGµν = A¯iAB (8)
The extrinsic curvatures are
kijA = −Zµ,iηνA;jGµν (9)
Replacing (3) in (7), we obtain the perturbation of the
metric
gij = g¯ij − 2sAκ¯ijA + sAsB(g¯mnκ¯imAκ¯jnB
+ gMNAiMAAjNB) (10)
and the perturbed extrinsic curvature in the same Gaus-
sian frame
κijA = κ¯ijA − sB(g¯mnκ¯miAκ¯jnB + gMNAiMAAjNB)
Equations (8), (9) and (10) give the evolution of the three
basic geometrical attributes of the perturbed geometry.
Comparing (9) and the derivative of (10) we obtain
∂gij
∂sA
= −2κijA (11)
which generalizes York’s relation used in the ADM for-
malism. Similar expressions were applied to geometric
perturbations in [27,28].
The curvature radii of the background V¯n are defined
as the solutions of the homogeneous equation
(g¯j − sAkijA)dxi = 0, A fixed. (12)
From det(g¯j − sAkijA) = 0 we obtain n × N distinct
solutions, s = ρAi , one for each principal direction dx
i and
for each normal ηA. These are local invariant properties
of V¯n and as such they are independent of the chosen
Gaussian system [38]. Since (10) can be written as
gij = g¯
mn(g¯im−sAk¯imA)(g¯jn−sB k¯jnB)+gMNAiMAAjNB
it follows that the components
g˜ij = g¯
mn(g¯im − sAk¯imA)(g¯jn − sB k¯jnB) (13)
becomes singular at the curvature centers. Therefore,
the fluctuations of the brane-world which are compatible
with the regularity of the embedding should not reach
these points. Since the smaller solutions ρAi contribute
more significantly to the overall curvature of V¯n, the char-
acteristic length of the background geometry suitable for
comparing with the wavelength is
1
ρ¯
=
√
g¯ijgAB
1
ρ¯iA
1
ρ¯jB
(14)
which represents a classical limitation of the perturba-
tions.
III. DYNAMICS
To obtain the dynamical properties of the fluctuations
which are compatible with the embedding, we apply the
integrability conditions for the embedding, the Gauss,
Codazzi and Ricci equations respectively
Rijkl = 2g
MNκi[kMκjl]N +RµνρσZµ,iZν,jZρ,kZσ,l
κi[jA,k] = g
MNA[kMAκij]N +RµνρσZµ,iηνZρ,jZσ,k (15)
2A[jAB;k] = −2gMNA[jMAAk]NB
− gmnκ[jmAκk]nB −RµνρσZρ,jZσ,kηνAηµB
These equations represent the conditions for a perturba-
tion of V¯n to be stable as a submanifold (and in particular
a brane-world) [38].
The relevance of the above equations to the stability of
brane-worlds has been pointed out in some particular sit-
uations, using the conformal flatness properties [39,40].
In this section we show that that the implications of (15)
to the dynamics of brane-worlds is quite general, inde-
pendently of models or any additional assumption on the
geometries of VD and Vn. For this, purpose, consider the
expression ξµν = gijZµ,iZ
ν
,j. From (7) it follows that
ξµνGµν = n and ξµνηαAGµα = 0
so that ξµν cannot be proportional to Gµν . Writing ξµν =
Gµν + ζµν , we find that ζµν must satisfy
Gµνζµν = −N and ζµνηµAηνB = −gAB
3
The solution of these algebraic equations, compatible
with (7) is ζµν = gABηµAη
ν
B, so that
gijZµ,iZν,j = Gµν − gABηµAηνB (16)
Applying this result in the contractions of the first equa-
tion (15), we obtain the Ricci scalar for the perturbed
geometry
R = (κ2 − h2) +R− 2gMNRµνηµMηνN (17)
− gABgMNRµνρσηµAησBηνMηρN
where we have denoted κ2 = κijAκ
ijA and the mean cur-
vatures hA = g
ijκijA with norm h
2 = gABhAhB. Using
the Gaussian frame we see that the last term vanishes
and that
gABRµνηµAηνB = −gAB
∂hA
∂sB
+ κ2
Therefore, (17)reduces to
R = R− (κ2 + h2)− 2gAB ∂hA
∂sB
To obtain the canonical structure associated with the
perturbations we may write the Einstein-Hilbert La-
grangian for VD, after discarding the derivative terms
∂hA/∂s
B as surface terms3.
L(g, g,i, g,A) = R
√
G = [R+ (κ2 + h2)]√G (18)
The components of the momentum canonically conju-
gated to Gαβ relative to the normal direction ηA are
pαβ(A) =
∂L
∂
(
∂Gαβ
∂sA
)
In particular, using (11) we obtain the tangent compo-
nents
pij(A) = −(κijA + hAgij)
√G (19)
which describe the momentum the metric geometry of
Vn, when propagated along the extra dimensions.
On the other hand, the perturbation does not prescribe
the evolution of GiA and GAB . The corresponding mo-
menta are be set as constraints:
piA(B) = −2
∂Rαβηαηβ
∂ ∂GiA
∂sB
√G = 0, (20)
pAB(C) = −2
∂RαβηαAηβB
∂ ∂GAB
∂sC
√
G = 0 (21)
3To allow for different signatures, we have denoted G =
det(Gαβ) module the signature of the extra dimensions.
The constraint (27) correspond to our previous choice
of zero shift function, while (27) corresponds to the nor-
malization of the lapse.
The Hamiltonian for each single direction ηA, is defined
by the Legendre transformation
HA(g, p) = pij(A)gij,A − L =
− R√G − 1G
(
p2A
n+ 1
− pij(A)pij(A)
)
(22)
leading to Hamilton’s equations,
dgij
dsA
=
δHA
δpij(A)
=
−2√G
(
gijpA
n+ 1
− pij(A)
)
, (23)
dpij(A)
dsA
= −δHA
δgij
= Gij
√
gε+
1√
gε
[
2pApij(A)
n+ 1
+
1
2
(
p2A
n+ 1
+ pij(A)p
ij
(A)
)
gij
]
(24)
The first of these equations coincides with (11) expressed
in terms of pij(A). The second equation gives the evo-
lution of the extrinsic curvature of the perturbation in
terms of momentum. Consequently, the stability condi-
tions for the perturbations, represented by (15) are con-
sistent with the Einstein-Hilbert dynamics for VD.
IV. HYPERSURFACE BRANE-WORLDS
When D = n+1, the brane-worlds are hypersurfaces of
VD. All expressions can be derived from the general case
by setting A,B · · · = n+1 and gAB = gn+1n+1 = ε = ±1.
Since in this case the ”twisting vector” AiAB vanishes,
the integrability conditions lose Ricci’s equation. The
remaining Gauss-Codazzi equations may be applied to
derive the dynamics of the hypersurface for a general
V(n+1). Expression (16) in this case becomes
gijZµ,iZν,j = Gµν −
1
ε
ηµην (25)
As before, replacing in Gauss’ equation, after removing
the total derivative terms the Lagrangian (18) reduces to
L =
[
R+
1
ε
(κ2 + h2)
]√G (26)
where now we have denoted h = gijkij and k
2 = kijkij .
The momentum canonically conjugated to the met-
ric Gαβ , with respect to the perturbation parameter s
is (here the dot means derivation with respect to s)
pαβ = ∂L/∂(G˙αβ), with components
pij =
−1
ε
(kij + hgij)
√G
pi n+1 = −2∂Rαβη
αηβ
∂G˙i n+1
√G = 0,
pn+1n+1 = −2∂Rαβη
αηβ
∂G˙n+1n+1
√
G = 0
4
The Hamiltonian corresponding to the one parameter
perturbation is
H = pαβ G˙αβ − L =
−R√G − εG
(
p2
n+ 1
− pijpij
)√G (27)
where p = Gαβpαβ . This describes the same perturba-
tions of an arbitrary metric with some limitations to be
noted:
Since AiAB = 0, the perturbed metric in the Gaussian
frame becomes simply
gij = g˜ij = g¯
mn(g¯im − skim)(g¯jn − skjn)
which is singular at the curvature centers of Vn+1 defined
by det(g¯ij − skij) = 0. The solutions of this equation are
the curvature radii ρi, one for each principal direction
dxi. The characteristic length has more significant con-
tributions from the smaller ρi, in accordance with (14),
1
ρ¯
=
∑√
ε
g¯ij
ρ¯iρ¯j
This is again an invariant property of the embedded back-
ground geometry. As it was already commented, the
properties of this characteristic length have implications
on the perturbations of brane-world geometry. In partic-
ular, a known result states that if Vn has more than two
finite curvature radii ρi, then the hypersurface becomes
indeformable [38].
A particularly interesting example is given by a con-
stant curvature space V(n+1). More specifically, consider
the (non-compact) anti-De Sitter space AdS(n+1), with
ǫ = −1:
Rµνρσ = −Λ∗(GµρGνσ − GµσGνρ) (28)
We obtain, Rµν = nΛ∗Gµν , so that the constraints (27),
(27) become identities and Λ∗ can be interpreted as a
bulk cosmological constant.
In this particular case, the integrability conditions are
considerably simpler:
Rijkl =
2
ε
κi[kκl]j − Λ∗(gikgjl − gilgjk)
κi[j;k] = 0
where we notice that the Riemann tensor of V(n+1) is
entirely projected into the n-dimensional hypersurface.
Therefore, it is more natural to derive Einstein’s equa-
tions for Vn. Using (25), we obtain
Gij =
1
ε
tij(k) + Λ∗(
n
2
− 1)(n− 1)gij = 8πGTij (29)
where we have denoted
tij(k) = k
m
i kmj − hkij −
1
2
(k2 − h2)gij
and Tij denotes the energy-momentum tensor of the four-
dimensional sources. Since the last equality in (29) is
not a differentiable equation on gij , it implies that this
energy-momentum tensor becomes algebraically related
to the extrinsic curvature kij which represents a serious
limitation for the brane-world. In this respect, it has
been noted that when Λ∗ < 0, the null energy condition
for Tij is not compatible with the embedding [41,42].
We will see in section VI that the condition AiAB = 0
means that the gauge structure does not arise from the in-
tegrability conditions. Consequently it has to be imposed
over the geometrical structure, requiring additional con-
ditions to ensure the stability of the hypersurface brane-
worlds.
V. QUANTUM STATES
Klein’s compactification of the extra dimension was in-
troduced to make Kaluza’s theory compatible with quan-
tum mechanics. Specifically, the normal modes of the
harmonic expansion with respect to the internal param-
eters (of Planck’s length size) were set in correspondence
with the quantum modes [43]. This eventually led to
a major problem, namely the inability to generate light
chiral fermions at the electroweak sector of the theory.
More specifically, the strong curvature of the internal
space contributed to large mass fermion states, which
would necessarily be observable at the electroweak scale.
On the other hand, in brane-worlds the extra dimen-
sions are macroscopic, so that the harmonic expansion
of physical fields over VD would not lead to the correct
quantum phenomenology. In its place, we look at the
linear gravitational wave equation (6) in the de Donder
gauge. However, two points must be observed: Firstly,
the quantum fluctuations of the geometry should be inde-
pendent of the classical approximation order on sA. Fur-
thermore, the classical waves correspond to the quantum
fluctuations of the geometry. This suggests that the def-
inition of the quantum states should precede the linear
approximation of the metric.
One way to define the quantum states relative to the
extra dimensions is to use the canonical formalism associ-
ated with the perturbations. In fact, the Poisson bracket
structure for each extra dimension ηA defined by
[F ,HA] = δF
δgij
δHA
δpij(A)
− δF
δpij(A)
δHA
δgij
can be derived consistently with (22), (23) and (24), with
the commutator between two independent perturbations
given by [HA,HB ]. Therefore the quantum fluctuations
may be defined for each independent extra dimension ηA,
and the superposition principle applied afterwards.
As one example, consider Schro¨dinger’s equation
− ih¯dΨij(A)
dsA
= HˆAΨij(A) (30)
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where the operator HˆA is constructed with the perturba-
tion Hamiltonian (22). The probability of a brane-world
to be in a state Ψij(A) is given by the Hilbert norm
< Ψij(A),Ψij(A) >=
∫
Ψ†
ij(A)Ψij(A) dv
where the integral extends over a volume in VD with a
base on a compact region of the background and a finite
extension of the extra coordinates sA. Considering two
independent directions ηA and ηB, the transition prob-
ability between the corresponding states is given by the
integral < Ψij (A),Ψkℓ (B) >.
Topological changes are expected to occur in any quan-
tum theory of space-times [44–47]. Therefore, we cannot
use a fixed product topology for VD, as in [1]. With
multiple evolution parameters we may have a more com-
plex topological variation than those expected in a single
time theories. For example, if ηA and ηB are both space-
like, then < Ψij (A),Ψkℓ (B) > corresponds to a space-like
handle. On the other hand, if ηA and ηB have both time-
like signatures, then the classical limit of the transition
probability corresponds to a classical loop involving two
internal time parameters, suggesting a multidimensional
time machine. Finally, if ηA and ηB have different signa-
tures, then the transition probability < Ψij (A),Ψkℓ (B) >
corresponds to a signature change.
An example of the last case is given by the Kruskal
brane-world regarded as a perturbation of the embedded
Schwarzschild space-time, in such a way that the latter
becomes geodesically complete. These spaces are both
embedded in six dimensional flat spaces, with signatures
(5, 1) and (4, 2) respectively [48]. The Schwarzschild
space-time is a subset of Kruskal space-time, but they
do not belong to the same fixed embedding space. How-
ever, they may be considered as classical limits of distinct
quantum states of the dynamically embedded Kruskal
brane-world, with a signature transition at the horizon.
As a final remark we add that due to the extrinsic
nature of the parameters sA, equation (30) may be un-
derstood as first quantization of the brane-world geome-
try. However, it does not exclude the quantization of the
metric as an effective field theory in four dimensions, tak-
ing for example VD as the space of all deformed metrics
[49,50].
VI. CONFINEMENT
The confinement hypothesis for gauge fields implies
that regardless of the electromagnetic, weak and strong
interactions taking place inside the brane-world, its dif-
ferentiable structure remains intact. Since, those inter-
actions are concomitant with the quantum fluctuations
of the geometry, it follows that equations (15) must also
be compatible with the confinement of the gauge fields.
The basic field variables in (15) are gij , κijA and AiAB .
The first two vary with the perturbation and they are re-
lated by (11). On the other hand, from (8) it follows that
AiAB remain confined in the sense that they remain un-
changed, independently of the quantum fluctuations of
the brane-world. The relevant but so far little explored
fact, is that those components transform as the compo-
nents of a gauge potential under the group of isometries of
the complementary space BN . This follows directly from
the transformation of the mixed component of the metric
tensor, under a local infinitesimal coordinate transforma-
tion of BN
s′A = sA + ξA with ξi = 0, and ξAa = ΘAM (x
i)sM
where ΘAB are the infinitesimal parameters. Denoting
generic coordinates in VD by {xµ} = {xi, sA}, it follows
that
g′iA = giA + giµξ
µ
,A + gAµξ
µ
,i + ξ
ν ∂giA
∂xν
+ 0(ξ2)
The transformation of AiAB follows from
A′iAB =
∂g′iA
∂s′B
=
∂g′iA
∂sB
− ξµ,B
∂g′iA
∂xµ
Using ξA,B = Θ
A
B(x
i), ξA,i = Θ
A
Bs
B and ξABC = 0 we obtain
A′iAB = AiAB − 2gMNAiM [AΘB]M + gMBΘMA,i (31)
which shows that indeed AiAB transforms as a gauge
potential. Once the group of isometries of BN has
been characterized, the above transformation may also
be written in terms of its structure constants [51,52].
To conclude the characterization of AiAB , we notice
that the metric of VD written in the Gaussian frame has
separate has components
gij = Zµi,Zν,jGµν = g¯ij − 2sAk¯ijA
+ sAsB
(
g¯mnk¯imAk¯jnB + g¯
MNAiMAAjNB
)
giA = Zµ,iηνAGµν = sMAiMA
gAB = η
µ
Aη
ν
BGAB
or, in matrix notation,
Gαβ =
(
g˜ij + g
MNAiMAjN AiA
AjB gAB
)
(32)
where g˜ij is given by (13) and
AiA = s
MAiMA (33)
The metric (32) has the same appearance as the Kaluza-
Klein metric ansatz, with the exception that g˜ij is not the
background metric but rather an untwisted perturbation
of it, given by (13).
The Einstein-Hilbert Lagrangian derived directly from
(32) is
L = R
√
G = R
√
g˜ǫ+
1
4
trF 2
√
g˜ǫ (34)
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where we have denoted ǫ = det(gAB), F
2 = FijF
ij and
Fij = [Di, Dj], Di = ∂i + Ai. Considering the gauge
group as the group of isometries of BN , the gauge con-
nection Ai can be expressed in the Killing basis {KAB}
of the corresponding Lie algebra as
Ai = AiABK
AB
From (34) we see that the bulk gravitational field de-
scribed by Gαβ decomposes in a four dimensional grav-
itational interaction represented by g˜ij , plus the gauge
interactions represented by AiAB , much in the sense of
Kaluza-Klein theory.
VII. CONCLUSION
We have taken an approach to brane-world theory that
is independent of the two known models proposed in
[1,2]. Starting with the classic perturbation analysis of
submanifolds, the geometric stability conditions (15) for
the perturbation are assumed to hold throughout. The
conclusion is that those equations in fact determine the
brane-world dynamics in the general case.
From the fact that the internal parameters do not share
the same diffeomorphism invariance of the gauge fields,
we have described a non-constrained canonical structure
which reproduces the classical perturbation equations.
The perturbation Hamiltonians, one for each extra di-
mension, is compatible with a canonical quantization rel-
ative to the internal parameters sA. It was also noted
that the quantum fluctuations in general are not com-
patible with the adoption of a fixed topology for VD.
We find it significant to brane-worlds the fact that
when N ≥ 2, the twisting vector AiAB , has the struc-
ture of a confined gauge field built in (15).
It is normally assumed that the brane-world is four-
dimensional. However, this assumption must be con-
sistent with the properties of the embedding and the
gauge group G. Since the host space VD may be thought
of as populated by point particles to (n-1)-dimensional
objects, the end product of their dynamics is the n-
dimensional brane-world regarded as a dynamically em-
bedded space-time. As such, the differentiable equations
(15) assume the role of structure preserving equations for
brane-worlds embedded in a VD with D ≤ n(n + 3)/2.
Setting D = n+N , it follows that n2 + n− 2N ≥ 0.
For the standard model gauge group SU(3)×SU(2)×
U(1) acting on a seven dimensional projective space, we
find n ≥ 3.27, meaning that the standard model just fits
in four-dimensional stable brane-worlds. On the other
hand, using the SO(10) GUT we obtain exactly n =
4, suggesting that four dimensional brane-worlds have
a natural existence in a particular fourteen dimensional
theory with signature (11, 3) and with SO(1O) as the
gauge group.
Our final remark concerns the size of the extra dimen-
sions and the consequent modification of Newton’s law
at small distances. From (13) it follows that the pertur-
bation becomes singular at the curvature centers of the
background characterized by ρAi , so that s
A must remain
in the open intervals [0,±ρAi ). This means that as long
as the curvature radii ρAi remain finite, the volume of the
complementary space available for the graviton probes
is finite. In this case, noting that the right hand side
of (18), depends only on xi, we may evaluate the action
integral in that region∫
L√Gdn+Nv =
∫ (∫
[R − (k2 + h2)]
√
g˜
√
ǫ dnv
)
dNv
which leads to an argument similar to that in [1], but
without assuming the product topology:
1
M2+N∗
=
1
M2pl
(1 −K)V
where we have denoted K =
∫
(k2+h2)]
√
g˜ǫ dnv, V is the
finite volume of the region in the complementary space
and M∗ is the Planck’s mass in the bulk.
The volume V depends on the curvature of V¯n and
it is detailed by the different values of ρAi as given by
(14). Therefore, defining an internal spherical space with
radius ρ¯, we have V ≈ ρ¯N , so that
ρ¯N ≈ M
2
pl
M2+N∗
1
(1 −K) , K 6= 1
This gives the same estimates as in [1] when K is small
as compared to one. The case N = 1 has been ruled out
in our analysis because of the limitations imposed on the
brane-world fluctuations. The actual distances probed
by gravitons depend on further analysis of the quantum
states.
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